ON THE LINEARIZED LOCAL CALDERON PROBLEM 
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Abstract. In this article, we investigate a density problem com- 
ing from the linearization of Calderon's problem with partial data. 
More precisely, we prove that the set of products of harmonic func- 
tions on a bounded smooth domain f2 vanishing on any fixed closed 
proper subset of the boundary are dense in L 1 (17) in all dimensions 
n > 2. This is proved using ideas coming from the proof of Kashi- 
wara's Watermelon theorem 1141. 
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1. Introduction 

1.1. Main results. In the seminal article [6J, A. P. Calderon asked 
the question of whether it is possible to determine the electrical con- 
ductivity of a body by making current and voltage measurements at 
the boundary. Put in mathematical terms, the question amounts to 
whether the knowledge of the Dirichlet-to- Neumann map associated to 
the conductivity equation 

(1.1) div( 7 Vw) = 

on a bounded open set fl with smooth boundary uniquely determines 
a bounded from below conductivity 7 G L°°(Q). Using Green's for- 
mula, the problem can be reformulated in the following way: does the 
cancellation 

(71 - 72) V«i • V« 2 dx = 



2 



for all solutions Ui,u 2 in of equation (11.11) with respective con- 

ductivities 71, 72 imply that 71 and 72 are equal? Since 1980, the prob- 
lem has been extensively studied and answers have been given in many 
cases (see for instance [T6l [231 UHl H] ) - In his article [6], Calderon stud- 
ied the linearization of this problem at constant conductivities 7 = 70: 
does the cancellation 

J 7VM • Vf dx — 

h 

for all pairs of harmonic functions (u, v) imply that 7 G L°°(Q) vanishes 
identically? The answer can easily be seen to be true by using harmonic 
exponentials. A similar and related inverse problem for the Schrodinger 
equation 

(1.2) -Au + qu = 

on a bounded open set with smooth boundary Q is whether the Dirichlet- 
to-Neumann map associated to this equation uniquely determines the 
bounded potential q (see for instance [231 [US 13] ) • In [23], Calderon's 
problem is reduced to this problem for 7 G C 2 . The linearization of this 
inverse problem at q = leads to the question of density of products of 
harmonic functions in L x (f2). Again the use of harmonic exponentials 
is enough to conclude this. 

We are interested in local versions of these inverse problems, in par- 
ticular to prove that if A q denotes the Dirichlet-to-Neumann map as- 
sociated with the Schrodinger equation (11.21) with potential qj and if 

(1.3) A q Jk = A, 2 /|s, V/eff*(0O), supp/cS, 

where S is an open neigbourhood of some point in the boundary, then 
qi = q 2 . An equivalent formulation is that the cancellation 

J quiu 2 dx = 
n 

for all solutions ui, u 2 in if 1 (f2) of the Schrodinger equations (11.21) with 
bounded potentials gi,g2, whose restrictions to the boundary are sup- 
ported in S, imply that q vanishes identically. This result has recently 
been proved in dimension n = 2 by Imanuvilov, Uhlmann, and Ya- 
mamoto in [T2] . The case of partial data where one drops the support 
constraint on the test functions / G H 2 (dQ) was treated in various situ- 
ations by Bukhgeim and Uhlmann [3], Kenig, Sjostrand and Uhlmann 
[15], Isakov [13J in dimension n > 3 and Imanuvilov, Uhlmann, and 
Yamamoto [11] in dimension 2. However the question of global identi- 
fiability from (11.31) is still open in dimension n > 3. 
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As a first step in this study, we consider here the linearized version 
of the local problem: we add the constraint that the restriction of the 
harmonic functions to the boundary vanishes on any fixed closed proper 
subset of the boundary. 

Theorem 1.1. Let Q be a connected bounded open set in R n , n > 2, 
with smooth boundary. The set of products of harmonic functions in 
C°°(Q) which vanish on a closed proper subset T C dQ of the boundary 
is dense in L 1 (f2). 

Another motivation for considering this linearized problem is the fol- 
lowing possible application of Theorem 11.11 to travel time tomography 
in dimension 2. We conjecture that one can use Theorem 11.11 and a 
method developed by Pestov and Uhlmann in [2T] to solve the corre- 
sponding global problem to show that in a simple 2-dimensional Rie- 
mannian manifold with boundary, the conformal factor of the metric is 
uniquely determined from partial knowledge of the boundary distance 
function. A Riemannian manifold with boundary (X, g) is said to be 
simple if its boundary is strictly convex and if for all x G dX, the expo- 
nential map exp^ : U x — > X is a diffeomorphism from a neighbourhood 
U x of in T X X to X. 

Conjecture 1.2. Let (X,gi) and (X,g 2 ) be two simple compact Rie- 
mannian manifolds of dimension 2 with boundary, and d\ and d 2 de- 
note their respective Riemannian distances. Let Y be a non-empty open 
subset of the boundary dX and suppose that gi and g 2 are conformal 
metrics. If 



then g\ = g 2 . 

We hope to come back to this possible application in future work. 

1.2. The Watermelon approach. The Segal-Bargmann transform 
of an L°° function / on R n is given by the following formula 



with z = x + i£ G C n . The extension of this definition to tempered dis- 
tributions is straightforward. The Segal-Bargmann transform is related 
to the microlocal analysis of analytic singularities of a distribution: the 
analytic wave front set WF a (/) of / is the complement of the set of all 
covectors (x , Co) G T*R™\0 such that there exists a neighbourhood V ZQ 



di\yxdX — d 2 \yxdX 
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of zo = xq — i^o in C", a cutoff function x G C^°(R n ) with x^o) = 1, 
and two constants c > and C > for which one has the estimate 

(1.4) \T( x f)(z)\<Ce'^ Imz \ 2 , VzeV Z0 , V7i G (0, 1]. 

The analytic wave front set WF (/) is a closed conic set and its image 
by the first projection T*R™ — > R n is the analytic singular support of 
/, i.e. the set of points xo G R n for which there is no neighbourhood 
on which / is a real analytic function. 

When a distribution / is supported on a half space H and when 
xo G supp fndH then / cannot be analytic at Xq, so the analytic wave 
front set of / cannot be empty. The following result (see [9]) gives 
explicitly covectors which are in the wave front set. 

Theorem 1.3. Let f be a distribution supported in a half-space H, 
if Xq G dH belongs to the support of f , then (xq, ±z/) belongs to the 
analytic wave front set of f where v denotes a unit conormal to the 
hyperplane dH . 

One sometimes refers to Theorem 11.31 as the microlocal version of 
Holmgren's uniqueness theorem. This is due to the fact that the com- 
bination of this result together with microlocal ellipticity 

WF a (w) C WF a (Pu) U charP 

in the conormal direction (equivalent to the fact that the hypersurface 
is non-characteristic) yields Holmgren's uniqueness theorem (see [22] 
chapter 8, [9] chapter VIII and [ID]). Other applications involve the 
proof of Helgason's support theorem on the Radon transform and ex- 
tensions (see [3] and [10]) of this result. Theorem 11.31 has also proved 
to be a useful tool in the resolution of inverse problems (see [15] and 
[8]) with partial data. In fact the microlocal version of Holmgren's 
uniqueness theorem is a consequenc^j] of a more general result on the 
analytic wave front set due to Kashiwara (see [HI [221 M ) 

Watermelon Theorem. Let f be a distribution supported in a half- 
space H, if Xq G dH and if (xo?£o) belongs to the analytic wave front 
set of f , then so does (xo,£o + w here v denotes a unit conormal to 
the hyperplane dH provided £o + tu ^ 0. 

From Kashiwara's Watermelon theorem, it is easy to deduce the 
microlocal version of Holmgren's uniqueness theorem: if / is supported 
in the half-space H and xq G dH D supp / then there exists (xq, £o) in 
the analytic wave front set of / since / cannot be analytic at xq, then 
(^O)Co + tv) G WF Q (/) by the Watermelon theorem, which implies 



There are of course other ways to prove Theorem II .31 
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(xo,is + £o/t) G WF (/) since the wave front set is conic and finally 
(x ,v) G WF (/) by passing to the limit since the wave front set is 
closed. 

One possible proof of Kashiwara's Watermelon theorem involves the 
Segal-Bargmann transform. Note that there is an a priori exponential 
bound on the Segal-Bargmann transform of an L°° function 

|T/(^)|<(27r/ i )fe^l Im ^||/|| L oc. 

If / is supported in the half-space x\ < then the former estimate can 
be improved into 

\Tf(z)\ < (2nh)^e^ lmz ^ Rez ^\\f\\ L ~ 

when Re Z\ > 0. The exponent in the right-hand side is harmonic with 
respect to Z\. The idea of the proof of the Watermelon theorem is to 
propagate the exponential decay by use of the maximum principle. If / 
is supported in the half-space x\ < 0, one works with the subharmonic 
function 

<p{ Zl ) + ^(Re^) 2 - i(Im^) 2 + Mog \Tf(z + Zl e x )\ 

on a rectangle R. One of the edges of R is contained in the neigh- 
bourhood V Zo where there is the additional exponential decay ( 11.41) of 
the Segal-Bargmann transform and one chooses ip to be a non-negative 
harmonic function vanishing on the boundary of R except for the seg- 
ment where there is the exponential decay. The fact that ip is positive 
on the interior of the rectangle R allows to propagate the exponential 
decay of the Segal-Bargmann transform and this translates into the 
propagation of singularities described in the Watermelon theorem. For 
more details we refer the reader to [221 [23] . In this note, we will use a 
variant of this argument adapted to our problem. 

Acknowledgements. D. DSF. is parly supported by ANR grant Equa- 
disp. C.E.K. is partly supported by NSF grant DMS-0456583. G.U. 
would like to acknowledge partial support of NSF and a Walker Family 
Endowed Professorship. 

2. From local to global results 

Let fl be a connected bounded open set in R™ with smooth boundary. 
Consider a proper closed subset T C dfl of the boundary and a function 
/ G L°°(fi). Our aim is to prove that the cancellation 

(2.1) J fuvdx = 

h 
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for any pair of harmonic functions u and v in C°°(Q) satisfying 

u\r = v\r = 

implies that / vanishes identically Note that the bigger the subset T is, 
the smaller the set of harmonic functions vanishing on T is. Therefore 
we can assume that the complement of T in the boundary, is a small 
open neighbourhood of some point of the boundary. We will obtain 
Theorem 11.11 clS db corollary of a local result. 

Theorem 2.1. Let Q be a bounded open set in R", n > 2, with smooth 
boundary, let Xq G dfl and T be the complement of an open boundary 
neighbourhood of xq. There exists 5 > such that if we have the can- 
cellation (12. ip for any pair of harmonic functions u and v in C°°(VL) 
vanishing on V , then f vanishes on B(xq, 5) D fi. 

Let us see how this local result implies the global one. We have 
learned of this technique from unpublished work of Alessandrini, Isozaki 
and Uhlmann (personal communication). We will need the following 
approximation lemma in the spirit of the Runge approximation theo- 
rem. 

Lemma 2.2. Let Qi C ^2 be two bounded open sets with smooth bound- 
aries. Let Gn 2 be the Green kernel associated to the open set Q 2 

-A y Gn 2 (x,y) = 6(x-y), Gn 2 (x, -)\ dn2 = 0. 

Then the set 

(2.2) jy Gn 2 {;y)a(y)dy: a e C°°(n 2 ), supp a C H 2 \ Q ± \ 

is dense for the L 2 (Qi) topology in the subspace of harmonic functions 
u G C°°(Qi) such that «|an 1 n9f7 2 = 0- 

Proof. Let v G L 2 (Qi) be a function which is orthogonal to the subspace 
(12.21) . then by Fubini we have 

a(y)[ G n2 (x,y)v(x)dx)dy = 



for all a G C oc (fl2) supported in ^2 \ therefore 

Ga 2 (x,y)v(x) dx = 0, \/yeQ 2 \^x- 



We want to show that v is orthogonal to any harmonic function u G 
C°°(Oi) such that u\ dnindn2 = 0. 



Let u G C°°(Qi) be a such a harmonic function. If we consider 
w(y) = j Gn 2 (x,y)v(x) dx G H 2 {Q 2 ) n H*(n 2 ) 



then we have by Green's formula 



uv dx = / iiAty dx — I wAu dx 



mc^w dx — wd u u dx. 

Note that the trace of w vanishes on dQi H c?0 2 since w G -£^(^2) 
therefore we have 



(2.3) / uv dx — ud v w dx — / wd v udx. 

Jvlx Jdn 1 \an 2 Jdn 1 \an 2 

At the beginning of this proof, we have shown that 

Hlfcvii = hence also Vw ln 2 \fii = 

and this implies that to|ani\an 2 = and d l/ w\sn 1 \sn 2 = 0. Therefore 
the integral (12.31) vanishes and this proves that v is orthogonal to any 
harmonic function in C°°(Jli) vanishing on dQi D dVt 2 . D 

Proof of Theorem \l.l[ We want to prove that / vanishes inside fi. We 
fix a point ii GO and let 9 : [0, 1] — ► f2 be a C 1 curve joining xo G <9fi\r 
to Xi such that 0(0) = Xq, 6'(0) is the interior normal to dQ at Xq and 
#(t) G Q for all t G (0, 1]. We consider the closed neighbourhood 

e e (t) = {x G : 0([O, t})) < e} 

of the curve ending at 9(t), t G [0, 1] and the set 

I = {t G [0, 1] : / vanishes a.e. on 6 e (t) D fi} 

which is obviously a closed subset of [0, 1]. By Theorem 12. II it is non- 
empty if e is small enough. Let us prove that I is open. If t G I 
and e is small enough, then we may suppose dQ £ (t) D <9Q C <9f2 \ T 
and \ Q £ (t) can be smoothed out into an open subset fli of Q with 
smooth boundary such that 

fti d n \ e £ (t) <9fi n dfti d r. 

We also augment the set Q by smoothing out the set fl U B(xo, e') into 
an open set Q 2 with smooth boundary; if e' is small enough then one 
can construct fl 2 in such a way that 

dn 2 nffiD Sfii nffiDf. 
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Let Gq 2 be the Green kernel associated to the open set Jl 2 
-A y G n2 (x,y) = 5(x - y), Gq 2 (x, -)|ona = °- 
The function 

Hi 

is harmonic (both as a function of the t and a; variables) and satisfies 
/ Gn 2 (x,y) Gn 2 (t,y) dy = / / Gu 2 (x,y) Gn 2 (t,y) dy 



since / vanishes on 6 £ (t) fl Q. When t, x belong to ^2 \ ^, this integral 
is since the Green functions are C°°(Q), harmonic on Q and vanish 
on T C (9r2 2 . By unique continuation and continuity, we have 

(2-4) J fGn 2 (x,y)G Q2 (t,y)dy = 0, t,x eU^Q,. 
hi 

By Fubini, this means that we will have f n fuv dx = for all functions 

u, v on Qi belonging to the subspace (12.21) . By continuity of the bilinear 
form 

L 2 (fii) x L 2 ^) -> C 

(u, v) i— > / fuvdx 



and by Lemma 12.21 we have 
(2.5) / fuvdx = 



f2i 

for all functions u, v in C°°(fii) harmonic on Qi which vanish on dQ± fl 

Thanks to Theorem 12 .1[ the cancellation (12.51) implies that / vanishes 
on a neighbourhood of dQi \ (dfli fl <9f2 2 ). This shows that / vanishes 
on a slightly bigger neighbourhood e (r),r > t of the curve, hence 
that / is an open set. By connectivity, we conclude that / = [0, 1] and 
therefore that x\ ^ supp/. Since the choice of X\ is arbitrary, this 
completes the proof of Theorem II. 1[ □ 
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3. Harmonic exponentials 

This section and the next are devoted to the proof of Theorem 12.11 
One can suppose that fl \ {x } is on one side of the tangent hyperplane 
T xo (fl) at Xq by making a conformal transformation. Pick a G R n \ fl 
on the line segment in the direction of the outward normal to dfl at xq, 
then there is a ball B(a, r) such that dB(a, r) fl fl = {x }, and there is 
a conformal transformation 



i) : K n \B(a,r) -> B{a,r) 



x — a 

x i— > - —r* + a 

\x — ar 



which fixes Xq and exchanges the interior and the exterior of the ball 
B(a, r). The hyperplane H : (x — Xo) ■ (a — x ) = is tangent to ip(fl), 
and the image ip(fl) \ {xq} by the conformal transformation lies inside 
the ball B(a,r), therefore on one side of H. The fact that functions 
are supported on the boundary close to x is left unchanged. Since a 
function is harmonic on fl if and only if its Kelvin transform 

u* = r n ~ 2 \x - a\~ n+2 u o ijj 

is harmonic on ip(fl), (12.1 p becomes 

= y fuvdx= J r 4 \x — a\~ 4 f oipu*v* dx 

for all harmonic functions u*, v* on %p(fi). If \x — a\~ A f o ip vanishes 
close to Xo then so does /. Moreover, by scaling one can assume that 
fl is contained in a ball of radius 1. 

Our setting will therefore be as follows: xq = 0, the tangent hyper- 
plane at Xq is given by X\ = and 

(3.1) fl C {x E R n : |x + ei| < 1}, r = {x E dfl : x 1 < -2c}. 

The prime will be used to denote the last n — 1 variables so that x = 
(xi,x') for instance. The Laplacian on R n has = £ 2 as a principal 
symbol, we denote by p(Q = ( 2 the continuation of this principal 
symbol on C n , we consider 

p-i(0) = {( G C":( 2 =0}. 

In dimension n = 2, this set is the union of two complex lines 

p- 1 ^) = C 7 U C7 
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where 7 = ie\ + e 2 = (i, 1) G C 2 . Note that (7,7) is a basis of C 2 : the 
decomposition of a complex vector in this basis reads 

(3.2) C = Ciei + C2e 2 = ^ 7 + ^ 7- 

Similarly for n > 2, the differential of the map 

s :p _1 (0) xp-^O) -> C n 

(C,»7) ^ C + ^ 

& t (Coj^o) is surjective 

ZMCo^o) : ^^(O) x T^p-^O) - C" 

provided C™ = T ?o p^ 1 (0)+T r?o p~ 1 (0), i.e. provided Co and r] are linearly 
independent. In particular, this is the case if ( = 7 and r] = —7; as a 
consequence all z G C™, \z — 2ie\\ < 2e may be decomposed as a sum 
of the form 

(3.3) z = ( + V , withC^Gp-^O), |C-7l<C£, |?7 + 7|<C£. 

provided e > is small enough. 

The exponentials with linear weights 

e~H cep _1 (0) 

are harmonic functions. We need to add a correction term in order 
to obtain harmonic functions u satisfying the boundary requirement 
u\r = 0. Let x G C 3O (R n ) be a cutoff function which equals 1 on T, we 
consider the solution w to the Dirichlet problem 

Aw = in D, 

(3.4) 

The function 



Han = -(e ^' c x)| 



an- 



u(x,C) = e h x< + w(x,C) 

is in C°°(Q), harmonic and satisfies u\r = 0. We have the following 
bound on w: 

(3.5) lkll^(n)<Ci||e-^xll^ (aQ) 

< C 2 (l + /i- 1 |C|)3e^ (ImC) 

where Hr is the supporting function of the compact subset K = 
supp x H ^ °f the boundary 

= sup a- £, £ G R™. 
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In particular, if we take x to be supported in x\ < —c and equal to 1 
on Xi < —2c then the bound (I3.5P becomes 

(3.6) \\w\\ H i {n) < C 2 (l + /T^CD* e~^ lm(l e^ 11111 ^ 1 when ImCi > 0. 
Our starting point is the cancellation of the integral 



(3.7) 



f(x)u(x,()u(x,r])dx = 0, CrjEp 1 ^ 



which may be rewritten under the form 

f(x)e~^ x '^ +n) dx = - / f(x)e~^ x< w(x,r])dx 



f(x)e h x ' v w(x, C) dx — f(x)w(x,()w(x,7])dx 



This allows us to give a bound on the left-hand side term 



f(x)e~^ +v) dx 



< 



>(n)(||e * hX< \\v(n)\\w(x,r])\\ L 2 (n) 



+ ||e * hX ' v \\L?(n)\\w(x, ()\\L2(n) + \\w(x, rj) \\mn) \\w(x, C) ||jy»(n)) • 
Thus using (13.61) 



f(x)e-^ +v) dx 



<C 3 ||/|| i0 o (Q) (l + /r i M)i(l + /r 1 |C|)* 



x e 



-f min(ImCi,Imr)i) ^(| Im£'|+| Imr?'|) 



when Im^i > 0, Imr^i > and (,rj G p 1 (0). In particular if |£ — 07] < 
Cea and |t/ + 07] < Cea with £ < 1/2C then 



/(x)e-^ {c+r?) dx 



< cjt 1 



ca 2Cea 



Take 2 G C n with \z — 2aei\ < 2ea with e small enough, once rescaled 
the decomposition (13. 3p gives 

z — C + Vi Cj ^ e P _1 (0), |C — a 7l < C £a 5 I 7 ? + a 7~| < 
we therefore get the estimate 



(3.* 



/(x)e h x ' z dx 



< dh- 1 



for all z G C" such that \z — 2aei| < 2ea. 
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In order to conclude, one needs to extrapolate the exponential decay 
to more values of the frequency variable z. This will be achieved using 
a variant of the proof of the Watermelon theorem. We extend the 
function / to R n by assigning to it the value outside Q. 

4. A WATERMELON APPROACH 

Let us recall the definition of the Segal-Bargmann transform of an 
L°° function / on R n 



Tf(z) 



e 2h 



f(y)dy, zeU 



R" 



and the a priori exponential bound 

(4.1) \Tf(z)\<(2ith)^e^ 1 ^ \ UU » 

If / is supported in the half-space x\ < then the former estimate can 
be improved into 

(4.2) \Tf(z)\ < (27r/i)? e 2k(l Im2 l 2 -|R-il 2 )||/|| LOO 
when Rezi > 0. 

The kernel of the Segal-Bargmann transform of a function / e L°° 
can be written as a linear superposition of exponentials with linear 
weights 

e -k^-yf = e -i(2nh)-^ ! e-^e-rM^) dt 



therefore we get 

(4.3) Tf(z) = (2tt/i)-5 



e 2h 



] f(y)dtdy. 



Suppose now that the function / is supported in Q and satisfies (13. 7p . 
formula (14.31) allows us to improve the estimate (14.21) : 



\Tf(z)\<(2*h)- 



3 ^(|Im^| 2 -|Re 2 | 2 -t 2 ) 



■^< t+iz) f(y)dy 



dt. 



Suppose now that Rezi > 0: if we split the integral with respect to 
the variable t in two integrals 



\Tf(z)\ < 



e ^(|Im^| 2 -|R C2 | 2 ) 



(27rhy 



e 2h 



|t|<ea 
+ 



e 2h 



\t\ >ea 



e-m^*)f(y)dy dt 
e-&< t+i ^f(y)dy dt 
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this implies 

(4.4) |T/(^)| < e^ (|Imz|2 - |Rez|2) | sup 

|t|<eo 



-iyit+iz) f{y)dy 



+ v / 2e^ Rez 'le-4t i f \f(y)\dy 
Jn 



since / is supported in Q C {y\ < 0}. If we assume \z — 2ae\\ < ea 
with e small enougro, the estimate (13. 8ft reads in our context 



(4.5) 



f{y)e 



: -y-(t+iz) 



dy 



n 



< Gt/r 1 



2Cea. 



when \t\ < and |z — 2aei| < ea. Thus combining the two estimates 
( 1431) and (IP]) we get 

[T/(^)| < CB^H/llx-^eACI^-IH-n (e-fle^+e-^ef) 

provided |z — 2aei| < ea. Now choosing e < c/8C and a > (c + 4e)/e 2 
we finally obtain the bound 



(4.6) 



\Tf(z)\ < 2C 5 a- 1 ||/|| L o 0(n) e^(l Im ^-l R ^l 2 - i i i ) 



To sum-up we have obtained the following bounds on the Segal-Bargmann 
transform of / 



(4.7) e-^\Tf( Zl ,x')\< 



Oh' 1 



L°°(Q) 



when z\ G C 
e~3E when |^ — 2a| < y, < y 



and when a;' G R n 1 , where the weight $ is given by the following 
expression 



Im^l 2 when Re^i < 

Im^i| 2 — I Re^il 2 when Re^i > 0. 



These estimates correspond to (14. ip . (14.21) and (14.61) . 



2 Note that in dimension n — 2 the decomposition (|3.3[) for t + iz is explicit 
1/ \ 1 / N _ 

t + IZ = - [t 2 — III + + Z\) 7 + - (*2 + **1 + — Zl) 7 • 
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Lemma 4.1. Let F be an entire function satisfying the following bounds 

fl when s e C 

e 2 h |F(s)| < < _^ , , r| . , 
I e 2h men |s — L| < o 

£/jen for all r > t/iere exist c', <5 > swc/i £/ia£ F satisfies 

|-^( s )| < e 2h j u>/ien | Res| < <5 and | Ims| < r. 
Proof. We consider the subharmonic function 

/(s) = 2/i log \F(s) | - (Im s) 2 + (Re s) 2 
which satisfies the bounds 

{(Res) 2 when Res < 
when Res > 

— c when \s — L\ <b. 

We will work on the semi-disc of centre —25 and large enough radius 
R, with cut-diameter along the vertical axis Re s = —25 and with the 
smaller disc of centre L and radius b removed from that semi-disc 



U s = D(-6,R) n{Res > -5}\D{L,b). 

We consider the harmonic function ip on U$ with the following boundary 
values: 

o ip = 45 2 on the boundary of the semi-disc, 
o (f = — c on the circle of centre L and radius 6. 

The function if = 4<5 2 — if is harmonic and non-negative on Us and 
attains its minimum everywhere on the cut-diameter of the semi-disc. 
By the Hopf boundary lemma, if v stands for the interior normal, we 
hav^l 

-^-(-25 + iy)>jfi{iy)>0, \y\<r<R 

where C is a universal constant. By Harnack's inequality, <f(iy) and 

if(L-b-5 2 ) = -c+0(5 2 ) 

are comparable, and the constants are uniform with respect to 5. Thus 
if 5 is small enough, we get 

9<P, «c % 2c' , 
—£(-25 + iy) > — , \y\<r. 



3 The radius R is chosen large enough so that the points of the boundary with 
|Ims| < r stay far enough from the corners where the Hopf lemma is no longer 
valid. 
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From this inequality and elliptic regularity we get that 

(4.9) ip(s)<-c', |Res| < 5, \lms\ <r 

if 5 is small enough. 
We have 

(f-<p)\au,<0. 

therefore by the maximum principle, the subharmonic function / — (p 
is non-positive on U$. But according to (14.91) . when |Res| < 5 and 
| Im s | < r we have 

(4.10) / <cp<-c' 
Therefore we have proved 

_*(s) _J_ 

e 2^ \F(s)\ < e 2h 
if | Re s | < 8 and | Im s\ <r. □ 
Applying the former lemma to the function 

= h\Tf(s,x 2 )\ 

C||/IU°°(Q) 

we obtain in particular that 

\Tf{x)\<Ch- l \\f\\ L ^ m e-^ 

for all x G 0, |a?x | < 5, provided 5 has been chosen small enough. 
Multiplying by (27ch)~ n ^ 2 and letting h tend to we deduce 

f(x) = 0, VsGH, > x x > -5. 

This completes the proof of Theorem 12.11 



References 

[1] K. Astala, L. Palvarinta, Calderon's inverse conductivity problem in the 
plane, Ann. of Math., 163 (2006), 265-299. 

[2] R. M. Brown, G. Uhlmann, Uniqueness in the inverse conductivity prob- 
lem for nonsmooth conductivities in two dimensions, Comm. Partial Dif- 
ferential Equations, 22 (1997), 1009-1027. 

[3] J. Boman, T. Quinto, Support theorems for real-analytic Radon trans- 
forms, Duke Math. J., 55 (1987), 943-948. 

[4] A. Bukhgeim, Recovering the potential from Cauchy data in two dimen- 
sions, J. Inverse Ill-Posed Probl., 16 (2008), 19-34. 

[5] A. Bukhgeim, G. Uhlmann, Recovering a potential from partial Cauchy 
data, Comm. Partial Differential Equations, 27 (2002), 653668. 

[6] A. P. Calderon, On an inverse boundary value problem, Seminar on 
Numerical Analysis and its Applications to Continuum Physics, Rio de 
Janeiro, Sociedade Brasileira de Matematica, (1980), 65-73. 



16 



[7] M. Dimassi, J. Sjostrand, Spectral asymptotics in the semi-classical limit, 

Cambridge University Press, 1999. 
[8] D. Dos Santos Ferreira, C. E. Kenig, J. Sjostrand, G. Uhlmann, De- 
termining a magnetic Schrddinger operator from partial Cauchy data, 

Comm. Math. Phys., 271 (2007), 467-488. 
[9] L. Hormander, The analysis of linear partial differential operators I, 

Springer- Verlag, 1985. 
[10] L. Hormander, Remarks on Holmgren's uniqueness theorem, Ann. Inst. 

Fourier, 43 (1993), 1223-1251. 
[11] O. Imanuvilov, G. Uhlmann, M. Yamamoto, Partial data for the 

Calderon problem in two dimensions, preprint arXiv:0809.3037 (2008). 
[12] O. Imanuvilov, G. Uhlmann, M. Yamamoto, Global uniqueness from 

partial Cauchy data in two dimensions, preprint arXiv:0810.2286 (2008). 
[13] V. Isakov, On uniqueness in the inverse conductivity problem with local 

data, Inverse Problems and Imaging, 1 (2007), 95-105. 
[14] M. Kashiwara, On the structure of hyperf unctions, Sagaku no Ayumi, 

15 (1970), 19-72 (in Japanese). 
[15] C. E. Kenig, J. Sjostrand, G. Uhlmann, The Calderon problem with 

partial data, Ann. of Math., 165 (2007), 567-591. 
[16] R. Kohn, M. Vogelius, Determining conductivity by boundary measure- 
ments, Comm. Pure Appl. Math., 37 (1984), 289-298. 
[17] R. Michel, Sur la rigidite imposee par la longueur des geodesiques, In- 
vent. Math., 65 (1981) 71-83. 
[18] R. G. Mukhometov, The reconstruction problem of a two-dimensional 

Riemannian metric, and integral geometry (Russian), Dokl. Akad. Nauk 

SSSR, 232 (1977), 32-35. 
[19] A. Nachman, Global uniqueness for a two-dimensional inverse boundary 

value problem, Ann. of Math., 143 (1996), 71-96. 
[20] L. Pestov, G. Uhlmann, Two dimensional simple manifolds are boundary 

rigid, Ann. of Math., 161 (2005), 1089-1106. 
[21] L. Pestov, G. Uhlmann, The scattering relation and the Dirichlet-to- 

Neumann map, Contemp. Math., 412 (2006), 249-262. 
[22] J. Sjostrand, Singularites analytiques microlocales, Asterisque, 1985. 
[23] J. Sjostrand, Remark on extensions of the Watermelon theorem, Math. 

Res. Lett., 1(1994), 309-317. 
[24] J. Sylvester, G. Uhlmann, A global uniqueness theorem for an inverse 

boundary value problem, Ann. of Math., 125 (1987), 153-169. 

Universite Paris 13, Cnrs, umr 7539 LAGA, 99, avenue Jean-Baptiste 
Clement, F-93430 Villetaneuse, France 

Department of Mathematics, University of Chicago, 5734 Univer- 
sity Avenue, Chicago, IL 60637-1514, USA 

Universite de Bourgogne, Cnrs, umr 5584 1MB, 9, Avenue Alain 
Savary, BP 47870, F-21078 Dijon, France 



Department of Mathematics, University of Washington, Seattle, 
WA 98195, USA 



